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Abstract
The first law of thermodynamics at black hole horizons is known to be obtainable from the
gravitational field equations. A recent study claims that the contributions at inner horizons
should be considered in order to give the conventional first law of black hole thermodynamics.
Following this method, we revisit the thermodynamic aspects of field equations in the Lovelock
gravity and f(R) gravity by focusing on two typical classes of charged black holes in the two
theories.
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1 Introduction
Given the action of a gravitational system, the field equations can be obtained through the
variation with respect to a metric. Although the field equations ought to contain all available
dynamical information of the system including some thermodynamic properties, it is still
surprising that through a quite simple procedure a relevant component of the field equations
in a static and spherically symmetric spacetime can be rewritten [1] as the form of the first
law of thermodynamics at a black hole horizon. Since then this approach has been applied to
various black hole solutions including the ones in the Lovelock gravity [2] and f(R) gravity [3].
As noted in e.g. ref. [4], the resulting expression is actually different from the conventional
first law of black hole thermodynamics because of the appearance of the PdV term, where P
is the radial pressure and V is the volume surrounded by a horizon. It has been shown [5, 6]
for the BTZ black holes in several gravity theories that the expected first law (with the
variation of black hole charges) can be obtained by summing the contributions of the first law
of thermodynamics at all black hole horizons.
Based on the idea of ref. [6], we reconsider the thermodynamic aspects of field equations
in the Lovelock gravity and f(R) gravity, respectively. In contrast with the general analysis
in refs. [2, 3], the procedure of ref. [6] involves the explicit relations between the positions
of horizons and black hole charges. Due to the fact that the black hole thermodynamics
in the Lovelock gravity and f(R) gravity has been studied intensively, it is interesting and
meaningful to compare the results obtained from the idea of ref. [6] with that from the general
one. Therefore, we choose two typical classes of charged black holes in the two gravity theories
for our investigations.
This paper is organized as follows. In the next section, we demonstrate how to derive the
first law of black hole thermodynamics for a particular class of charged Lovelock black holes in
the 5-dimensional spacetime. In section 3, we discuss a class of 4-dimensional f(R)-Maxwell
black holes imposed by a constant curvature scalar, where this class of black holes has four
horizons. The conclusion is given in the last section.
2 Lovelock black holes: 5-dimensional case
For simplicity, we start with a class of charged black holes in Einstein-Maxwell-Gauss-Bonnet
theory [7, 8]. Obviously more general static Lovelock black holes can be studied along the
same way.
The action we consider here has the following form,
S =
1
16piG
∫
ddx
√−g(R− 2Λ + αLGB)+ Sm, (1)
where LGB ≡ R2 − 4RµνRµν + RµνρσRµνρσ is the Gauss-Bonnet Lagrangian, the matter part
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Sm is assumed to be the Maxwell term, and the parameter α is the Gauss-Bonnet coupling.
When the spacetime dimension d = 5 and the cosmological constant Λ = 0, the corre-
sponding black hole solutions with spherical horizons have been found [7] to be
ds2 = −V (r)dt2 + 1
V (r)
dr2 + r2
[
1
1− χ2dχ
2 + χ2(dθ2 + sin θ2dφ2)
]
, (2)
V (r) = 1 +
r2
4α
[
1−
√
1 + 8α
(2µ
r4
− q
2
r6
)]
, Ftr =
q
4pir3
, (3)
where Ftr is the nonzero component of electromagnetic tensors and µ is a parameter related
to the black hole mass. The horizon positions are at
r2
±
= µ− α±
√
(µ− α)2 − q2, (4)
from which we can find the following relations:
(r+r−)
2 = q2, r2+ + r
2
−
= 2(µ− α). (5)
Based on the analysis of ref. [2], we arrive at the (r, r) component of field equations at the
outer horizon,
−
4αq2 + r3+
(
r3+ −
√
r6+ − 8αq2 + 16αµr2+
)
2αr3+
√
r6+ − 8αq2 + 16αµr2+
(r2+ + 4α)− 2 =
2
3
r2+ · 8piGP+, (6)
where T µν = F µλF νλ − 14gµνF λσFλσ is the energy-momentum tensor and P+ ≡ T rr(r+) is the
radial pressure. An analogous equation at the inner horizon can be obtained easily by the
replacement of r+ by r− in eq. (6).
Since V (r+) = 0, we have
√
r6+ − 8αq2 + 16αµr2+ = r+(r2++4α). Considering the relation
(r+r−)
2 = q2, we can rewrite the first term of eq. (6) to be 2
(
1− r2−
r2
+
)
. Noting that the volume
in this case is V+ =
S3
4
r4+ =
pi2
2
r4+, we multiply by
3pi
8G
r+dr+ on both sides of eq. (6) and get a
simpler form,
T+dS+ − dE+ = P+dV+, (7)
with
T± =
1
2pi
r2+ − r2−
r±(r
2
± + 4α)
, S± =
pi2
2G
r3
±
(
1 +
12α
r2±
)
, E± =
3pi
8G
(r2
±
+ 2α). (8)
This is the expected first law of thermodynamics, where E± coincides with the Misner-Sharp
energy inside the horizons.
More explicitly, we have the corresponding equations at the outer and inner horizons as
3pi
4G
(r2+ − r2−
r+
dr+ − r+dr+
)
= P+dV+, (9)
3pi
4G
(r2
−
− r2+
r−
dr− − r−dr−
)
= P−dV−. (10)
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Following the procedure described in ref. [6], the sum of these two equations reads
− 3pi
4G
(r+dr+ + r−dr−) + T+dS+ +
3pi
4G
(
r− −
r2+
r−
)
dr− = P+dV+ + P−dV−. (11)
From the relations in eq. (5), we have
dµ− dα = r+dr+ + r−dr−,
qdq = r+r−(r+dr− + r−dr+). (12)
Thus, if we recall the parameters, i.e., the black hole mass M , the total electric charge Q, and
the conjugate potential Φ+,
M =
3pi
4G
µ, Q =
( pi
4G
) 2
3
q, Φ+ = 3
( pi
4G
) 1
3 Q
r2+
, (13)
eq. (11) can be rewritten as
−dM + 3pi
4G
dα + T+dS+ + Φ+dq −
3pi
4G
(r2
−
r+
dr+ +
r2+
r−
dr−
)
= 2pi2(P+r
3
+dr+ + P−r
3
−
dr−). (14)
This gives the motivation for us to introduce the expressions of radial pressures as P± ≡
T rr(r±) = − 38piG
r2∓
r4±
. Just like the charged black holes in ref. [6], P± is also proportional to the
square of the electromagnetic parameter.
On the other hand, in order to incorporate the variation of a relevant quantity with respect
to the coupling α, we define a total variational operator as d˜ ≡ d+ dα. For example, we have
d˜S+ ≡ dS+ + dαS+ =
3pi2
2G
(r2+ + 4α)dr+ +
6pi2
G
r+dα, (15)
d˜E+ ≡ dE+ + dαE+ = 3pi
4G
(r+dr+ + dα). (16)
Now we see that eq. (14) turns into the precise form of the first law of black hole thermody-
namics,
−dM + T+d˜S+ + Φ+dq +Θ+dα = 0. (17)
Here the potential conjugate to the Gauss-Bonnet coupling is Θ+ =
3pi
4G
(1 − 8pir+T+) and
T+dS+ can be rewritten as
κ
8piG
dA+. For the sake of aesthetics, one can of course deduce an
equivalent formula: −d˜M + T+d˜S+ + Φ+d˜q +Θ+d˜α = 0. It is worth mentioning that we can
also obtain the first law at the inner horizon by applying the same method.
We note that the extended first law (including variation with respect to the Gauss-Bonnet
coupling) for the Lovelock gravity has been derived from first principles in ref. [9] and the
result, together with the Smarr formula, has been utilized [10] to investigate some issues
related to the universality of the product of horizon areas, where a set of relations between
thermodynamic potentials Θ± has also been obtained.
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Here it is necessary to make a comparison of our treatment with the earlier computation.
We have adopted the method of ref. [6] to obtain the same extended first law as that of ref. [10]
for Lovelock black holes. Our procedure is different from that of ref. [9]. Moreover, the first
law at the inner horizon can be derived analogously. Therefore, it is interesting that the same
goal is reached by two different means.
3 f(R) black holes: constant curvature case
In this section, we turn to the investigation of charged black holes in the f(R) gravity. From
the action
S =
1
16piG
∫
d4x
√−g
(
R + f(R)
)
+ Sm, (18)
a class of f(R)-Maxwell black holes imposed by a constant curvature scalar R = R0 can be
obtained [11, 12],
ds2 = −N(r)dt2 + 1
N(r)
dr2 + r2(dθ2 + sin θ2dφ2), (19)
N(r) = 1− 2µ
r
+
q2
r2
1
1 + f ′(R0)
− R0
12
r2 = − R0
12r2
4∏
i=1
(r − ri), Ftr = q
r2
, (20)
where µ is a parameter related to the black hole mass. From the action (eq. (18)), we can
derive the relevant component of field equations as follows:
1 + f ′
ri
(2µ
r2i
− 2q
2
1 + f ′
1
r3i
− R0
6
ri − 1
ri
)
− 1
2
(f − R0f ′) = 8piGPi. (21)
Since N(ri) = 0, we have
µ =
ri
2
(
1 +
q2
r2i
1
1 + f ′(R0)
− R0
12
r2i
)
. (22)
Noting that here the volume is Vi =
4pi
3
r3i and multiplying by
r2
i
2G
dri on both sides of eq. (21),
we arrive at the following equation,
1 + f ′
2G
(
1− q
2
r2i
1
1 + f ′
− R0
4
r2i
)
dri − 1 + f
′
2G
dri − 1
4G
(f − R0f ′)r2i dri = PidVi. (23)
Thus, it has the form of the first law of thermodynamics,
TidSi − dEi − TidS¯i = PidVi, (24)
where the black hole parameters are
Ti =
1
4piri
(
1− q
2
r2i
1
1 + f ′
− R0
4
r2i
)
, Si =
pir2i
G
(1 + f ′), Ei =
ri
2G
(1 + f ′), (25)
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where Ei is just the Misner-Sharp energy.
As noted in ref. [3], see also ref. [13], the additional entropy term1 dS¯i is the entropy pro-
duction term in non-equilibrium thermodynamics. That is, when the f(R) higher derivative
term is included in the action of f(R) gravity, the horizon thermodynamics will become non-
equilibrium. In this case, the entropy balance law needs to be modified [13, 14] to derive the
f(R) gravity field equations from the thermodynamical prescription. The extra irreversible
entropy production term can be interpreted as the bulk viscosity, and has its origin in the
nonzero expansion of the null geodesics comprising the horizon. However, through a more
general definition of local entropy, the reversible spacetime thermodynamics can still be ap-
plied [15] to this non-equilibrium case. The original first law cannot be sustained unless the
extra entropy production term dS¯i is taken into account to balance the inequality. In the limit
of Einstein’s gravity, this extra term will disappear. On the other hand, if the energy term
is redefined as dE¯i = dEi +
1
4G
(f − R0f ′)r2i dri, the first law eq. (24) turns into the following
form,
TidSi − dE¯i = PidVi, (26)
which is exactly same as that in the equilibrium circumstance.
From the expression of N(r) in eq. (20), we obtain some useful relations as follows:
4∑
i=1
ri = 0,
4∏
i=1
ri = − 12
R0
q2
1 + f ′
, (27)
r1r2 + r2r3 + r3r4 + r4r1 + r1r3 + r2r4 = − 12
R0
, (28)
r1r2r3 + r2r3r4 + r3r4r1 + r1r2r4 =
24µ
R0
, (29)
4∑
i=1
r2i dri = −
24
R0
dµ. (30)
Eq. (30) can easily be obtained from the helpful formula provided in ref. [16], where it has
been proved that the roots ri (i = 1, 2, · · · , m) of the following polynomial
amr
m + am−1r
m−1 + .... + a0r
0 = 0, (31)
satisfy a simple formula,
sn = − 1
am
m−1∑
i=0
sn−m+iai, (32)
where sn ≡
∑m
i=1 r
n
i . Note that sn−m+i = 0 for n−m+i < 0, and sn−m+i = n for n−m+i = 0.
For our case, the positions of horizons are determined by the equation N(r) = 0 which can be
1It is easy to get dS¯i =
pi(f−R0f
′)
G
r3i
1− q
2
r2
i
(1+f′)
−
R0
4 r
2
i
dri when we compare eq. (23) with eq. (24) and consider
the expression of Ti in eq. (25). This formula coincides with that given by ref. [3].
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put into a standard form as
R0
12
r4 − r2 + 2µr − q
2
1 + f ′
= 0. (33)
So we have a4 =
R0
12
, a3 = 0, a2 = −1, a1 = 2µ, and a0 = − q21+f ′ . Substituting these coefficients
into eq. (32) and setting n = 3 and m = 4, we get
4∑
i=1
r3i = −
72
R0
µ. (34)
By taking derivative on both sides of the above equation, we recover eq. (30).
With this digression finished, we are ready to use eq. (23) and sum the four equations for
i = 1, 2, 3, 4 to obtain a central equation,
T1dS1 − 1 + f
′
2G
dr1 − q
2
2G
( 1
r22
dr2 +
1
r23
dr3 +
1
r24
dr4
)
+
1 + f ′
2G
(
− R0
4
)(
r22dr2 + r
2
3dr3 + r
2
4dr4
)− 1
4G
(f − R0f ′)
4∑
i=1
r2i dri
=
4∑
i=1
PidVi, (35)
where the radial pressure is Pi ≡ T rr(ri) = − q
2
8piGr4
i
. Note that the energy-momentum tensor
of f(R) black holes takes the same form as that of Lovelock black holes, see its formulation
under eq. (6), because both kinds of black holes have the same Maxwell charge. The difference
between them lies in metrics, which gives rise to different nonzero components of electromag-
netic tensors Ftr, see eqs. (3) and (20). After regarding r1 as the outermost position of event
horizons and making some manipulation, we have
T1dS1 −
(1 + f ′
2G
− 1 + f
′
2G
R0
4
r21 −
q2
2G
1
r21
)
dr1 +
[ 3
G
(1 + f ′) +
6
GR0
(f − R0f ′)
]
dµ = 0. (36)
On the other hand, when i = 1 eq. (22) leads to
dµ =
1
2
(
1− q
2
r21
1
1 + f ′
− R0
4
r21
)
dr1 +
q
r1
1
1 + f ′
dq. (37)
Combining the above two equations, we obtain
T1dS1 +
q
Gr1
dq +
[ 2
G
(1 + f ′) +
6
GR0
(f − R0f ′)
]
dµ = 0. (38)
By recalling the black hole parameters, i.e., the electric potential Φi on the ri horizon and the
electric charge Q,
Φi =
√
2
G
q
ri
√
1 + f ′, Q =
1√
2G
q√
1 + f ′
, (39)
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and modifying the mass parameter,
M =
µ
G
(1 + f ′) −→ M˜ = −2µ
G
[
(1 + f ′) +
3
R0
(f − R0f ′)
]
, (40)
we finally derive the first law of black hole thermodynamics,
−dM˜ + T1dS1 + Φ1dQ = 0. (41)
Only when f ′ − 2
R0
f − 1 = 0 can we have M˜ = M . This requires that f(R) = Ce 2RR0 − R0
2
,
where C is a constant.
We make some comments. First, the physical interpretation of the new mass parameter
M˜ is unclear at present. Without the introduction of M˜ the expected first law could not be
reproduced even if the non-equilibrium part were discarded. Second, it is puzzling2 that only
two of the five relations given in eqs. (27)-(30) have been used in the derivation of the first law.
The phenomenon brings one to look for an alternative derivation. Third, it is unclear how to
associate a proper interpretation with the thermodynamic first law at virtual horizons due to
the restrictions of the method itself. Finally, one can make use of the analogous method to
study other black holes in the f(R) gravity as done in refs. [17, 18, 19].
4 Conclusion
In ref. [6] an interesting property is discovered that the contributions of inner horizons should
be considered when one derives the first law of black hole thermodynamics. The essential step
is to sum the equations corresponding to the first law of thermodynamics at all horizons. By
applying this method, we have studied a 5-dimensional charged Lovelock black hole and a
4-dimensional f(R)-Maxwell black hole imposed by a constant curvature scalar. More general
black holes in the Lovelock gravity and f(R) gravity can be analyzed similarly.
This work may be extended along the following ways. Firstly, one may attempt to rigor-
ously prove the property found by ref. [6]. In this aspect, the investigation in ref. [4] may be
helpful where the near horizon symmetries of the Einstein tensor are used to demonstrate the
thermodynamic interpretation of the field equations near the horizon. Secondly, it is interest-
ing to generalize this method to the case of nonzero variation of the cosmological constant.
We note that since the work of ref. [20], a lot of efforts have been devoted to study this kind of
extended first law, see, for instance, ref. [21], and its relevant phase transitions [22]. Thirdly,
as a previous work pointed out [23], the pressure plays a complementary role in the black
hole thermodynamics. Curiously, the literature focusing on the thermodynamic volume [22]
involves a term like V dP rather than PdV . We note that PdV appears in eqs. (11) and (26),
2In the case of two horizons (see eq. (5)) of the 5-dimensional Lovelock black holes, the both horizons have
been utilized to obtain the first law.
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but does not appear in the final expressions of black hole thermodynamics eqs. (17) and (41),
and that V dP actually plays no role in the black hole thermodynamics investigated in the
present paper. Both terms may have some connection to the method proposed in ref. [6].
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